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A theory  is der ived for  the photophoret ic  mot ion  of a sma l l  a e ro so l  pa r t i c l e ,  whose rad ius  is 
much s m a l l e r  than the wavelength of the light. The radia t ion p r e s s u r e  is taken into account;  
the effects  of the incomplete  accommodat ion  of the energy  and momen tum of the gas  molecu les  
in coll is ions with the su r f ace  of the par t i c le  a r e  a lso  taken into account.  

When i l luminated,  a spher i ca l  pa r t i c le  suspended in a gas exper iences  two fo rces :  the radia t ion  p r e s s u r e  
and the photophoret ie  fo rce ,  which a r i s e s  because  of the in teract ion of the molecu les  of the surrounding gas 
with the su r face  of the pa r t i c l e ,  which is heated nonuniformly by the light. The gas molecules  r e f l ec ted  f r o m  
the hot side of the pa r t i c l e  a f t e r  an inelast ic  col l is ion move fas t e r  than those  r e f l ec ted  f r o m  the cold side; as 
a r e su l t ,  the par t i c le  acqu i res  a net momentum.  

The motion of an ae ro s o l  pa r t i c le  in a light f ield was d i scovered  by Ehrenhaf t  [1, 2]. Since the d i scovery ,  
th is  effect  h a s  been studied in many  expe r imen t s  (see the r ev iew in [3]). The development  of  h igh-power  l a s e r s  
has s t imula ted  fur ther  r e s e a r c h  in this field [4-7]. With l a s e r  radia t ion  it is poss ib le  to achieve  optical  l ev i ta -  
tion of pa r t i c l e s  in a i r  or  vacuum,  to a c c e l e r a t e  e lec t r  ical ly neut ra l  pa r t i c l e s  to high ve loc i t ies ,  and to so r t  
pa r t i c les  accord ing  to s ize .  

Debay [8] and Rubinowicz [9] have taken up the theory  of the fo rces  act ing on a spher i ca l  pa r t i c le  in a 
light field. Rubinowiez [9] der ived  an equation for the photophoret ic  force  act ing on a spher i ca l  pa r t i c le  in an 
e x t r e m e l y  nonr igorous  manne r ,  f r o m  the Knudsen equation for the fo rce  act ing between two heated pla tes .  The 
re su l t  is appl icable  only in the case  of a sma l l  deviation of the su r face  t e m p e r a t u r e  of the par t i c le  f r o m  the 
gas t e m p e r a t u r e  at infinity, and this  r e su l t  a l s o  ignores  the fact  that some  of the molecules  undergo specular  
re f lec t ion  at the su r face .  F u r t h e r m o r e ,  Rubinowicz [9] did not examine the veloci ty  of the par t i c le  under the 
influence of the photophoret ie  fo rce ,  so that  a final theory  for  photophores is  could not be worked out. 

Below we der ive  r igo rous  express ions  for the photophoret ic  force  in the f r e e - m o l e c u l a r  r e g i m e  f o r  an 
a r b i t r a r y  su r face  t e m p e r a t u r e  of the par t ic le ;  we take into account the Incomplete  accommodat ion  of the energy  
and momen tum of the gas molecules  in col l is ions with the su r face .  We a lso  take  into account the influence on 
the par t ic le  of the radia t ion  p r e s s u r e ,  and we der ive  the s t e a d y - s t a t e  veloci ty.  

1. D i s t r i b u t i o n  o f  A b s o r b e d  E n e r g y  w i t h i n  a S p h e r e  

Mie [10] has der ived an exact  solution for the p rob l em of the distr ibution of the e lec t romagne t ic  field 
within a homogeneous sphe r i ca l  pa r t i c le  and in the space  near  the par t ic le :  

Ei,.'e= E o cos q~ (kt,er) -~ ~ l (l --  1) C ~t'eP(1~l (cos 01) qj'e (k~,J), 
1=1 

E~'~=--Eocos~(k~,~r)  -I ~l t wl l ~'t z s~nal , 
I~1 

E~ e :=--E,~sin~(k~,d') " ~  ~t['~'~P(l)" wt sin101 iDi'~J'~P wt ~ sly,'- 01 } . 
1~1 
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Here  the s u p e r s c r i p t  " i"  co r r e sponds  to the in ternal  f ie lds ,  while "e" r e f e r s  to the ex te rna l  f ields.  Here  
ki =k0N, k e = k0= 2 r / A  0, N = n - i ~ t  is the complex  r e f r a c t i v e  index, A 0 is the light wavelength,  (p ~ (z)-=$1 (z)= 
k ~ e and the a r e  Besse l  and Hankel functions,  V / - 2  = J l + l l l ( Z ) ,  ~o l ( z ) - ~ l  (z) - - HI+ I l l ( z ) ,  J / + l / 2  Hl +1/2 

Pt ) is the a s soc ia t ed  Legendre  polynomial ,  01 = r  -0 . ,  and 0 is the angle between the rad ius  vec tor  and the 
t,e a r e  given by propagat ion  direct ion of the light. The coeff icients  C~ ,e and B l 

C~ = iNq; C[ ---- [~l (9) V~ (Np) - -  Nap} (p) @t (No)i q, 

Bi ----- iNb 5 B~ = Ir (p) ~z (Np) --, Na~, (9) xp~ (Np)] b u (2) 

cz = [~_t (p) ~; (No) - -  N~i (9) ~Pt (NP)] -1, 

bz ---- [~  (P) apt (Ng) - -  NEt (P) ~P; (N9)] -1, 

where  p =k0R. Below we will  be  concerned  with only pa r t i c les  whose rad i i  a r e  much s m a l l e r  t h a n t h e  wave-  
length of the incident radia t ion  (p <<1), so that  Eqs. (1) and (2) s implify .  We a r e  p r i m a r i l y  in te res ted  in the 
two l imit ing cases  of a weakly absorb ing  par t ic le  (up<< 1) and a s t rongly  absorb ing  par t ic le  (up>>1). 

In the case  of a weakly absorbing  par t i c le ,  the asympto t ic  express ions  for the functions ~l and ~Z for  
p <<1, ~.p<< 1 a r e  [10] 

~z(p)_~(2/_l)! ! i - - p  exp(--i9), pt 

1 (3) 
ap t (kr) = (kr/+1 [2 (2l -i- 3) --k2r 2] 

2 ( 2 / §  3)!! 

Substituting (3) into (1) and (2), we find [E[~ :  

IE (r, 0)i 2 = 3E~ !3 --  2N~i-~ {3 3 + 2N2,: -- 2n• 01(;3 -- 2N212 - -  5)}. (4) 

In der iving Eq. (3) we a s s u m e d  the incident wave to be unpolar tzed,  and we ave raged  the express ion  for [E [ z 
over  the angle ~0. We see  f r o m  (4) that the h e a t - s o u r c e  densi ty,  which is propor t ional  to IE [ 2 is d is t r ibuted 
near ly  uniformly over  the volume of the par t ic le  (up<<l). More heat  is evolved at the i l luminated side of the 
sphe re  (01 < 7r/2} than at the shaded side.  

In the case  of a s t rongly  abso rb ing 'pa r t i c l e ,  the field pene t ra tes  a dis tance on the o rde r  of (~0 )  -1 <<R into 
the sphe re ,  and the absorp t ion  is essen t ia l ly  superf ic ia l .  In the case  up >>1, the asympto t ic  express ion  for 
r is [13] 

~pt(kr) =- ( - - i ) t e x p ( i k r ) { - - 0 , 5 i  + 4 ( l + 0 ' 5 ) ~ "  1 } 
16kr �9 . (5) 

Substituting (3)'and (5) into (1) and (2), we find 

1 9 25 (1 2cos 201) eq- 4iN~ 2 cos01 . (6) IE (r, 0)! 2 : Eo 2 exp [--  2~'& o (R--  r)] 2 iN: ~ 2 " 36 

We see  the exponential  decay of the field into the in ter ior  of the pa r t i c l e  typical  of a s t rongly  absorb ing  p a r t i -  
cle. It is in teres t ing  to com pa re  (6) with the r e su l t  obtained for a s t rongly absorb ing  par t ic le  of l a rge  s ize  
(p <<1). On the shaded side of a l a rge  sphere  the re  is no light absorpt ion ([E I 2 =0), while for a smal l  par t ic le  
the values  of I E[ ~ on the i l luminated and shaded s ides a r e  nea r ly  the s ame  (n << u). The absorpt ion at the 
shaded side of the sphe re  occurs  because  of diffract ion and is pa r t i cu la r ly  important  for smal l  pa r t i c les  (p<<l). 

2 .  S o l u t i o n  o f  t h e  H e a t - C o n d u c t i o n  E q u a t i o n  

We cons ider  the ease  in which the rad ius  of the par t ic le  is much s m a l l e r  than the mean f ree  path of the 
gas molecules ;  in other words ,  we cons ider  the f r e e - m o l e c u l a r  r e g i m e  of the interact ion of the gas with the 
su r f ace  of the par t ic le .  In this  case  the distr ibution function of the gas  molecules  incident on the par t ic le  is 
not d is tor ted  by those r e f l ec ted  f rom the par t ic le :  

f -  = n~ 2z~kT~ ] 2kT~ ' (7) 

where  n~ and T ~  a re  the densi ty of molecu les  and the gas t e m p e r a t u r e  at infinity, and a i s  the veloci ty  of the 
par t i c le .  Here  the s u p e r s c r i p t  " - " indicates that  the project ion of the veloci ty  of the molecule  onto the n o r -  
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real to the su r face ,  Vn, is negat ive.  We a s s u m e  that  a f rac t ion  q of the molecules  a r e  r e f l ec ted  f r o m  the s u r -  
face in a diffuse manne r ,  with an isot ropic  Maxwell d is t r ibut ion,  while the r e s t  (1 - q) undergo specular  r e -  
f lect ion:  

~+=qnr( m ~3/2exp[ mv~ ] 
\ 2zckT~ ] - -  2kTrJ + ( l ~ q )  f-[v--2n(nV)], (8) 

where  T r = ( 1 - T ) T ~  + y T  s ,  and T s is the su r face  t e m p e r a t u r e  of the par t ic le .  The quantity q is usual ly cal led 
the nmomentum-accommoda t lon  coeff icient ,"  while T is  the " ene rgy -accommoda t ion  coef f ic ien t '  [4]. The 
t e m p e r a t u r e  distr ibution within the par t i c le  is de te rmined  f r o m  the solution of the s t e ady - s t a t e  hea t -conduc-  
tion equation 

~lhT~ = d i v  ! = - -  2n• (r, 0), (9) 

where  x i is the t h e r m a l  conductivity of the pa r t i c le ,  I = c Re [E, H*] is the Poynting vec to r ,  B(r ,  0) =J E(r)[ 9/ 
8n 

E20, and I=cE20/8r  is the energy  flux density in the incident e lec t romagne t ic  wave.  The boundary conditions 
for  Eq. (9) a r e  the condition that  the su r face  of the par t i c le  is impene t rab le  for  the gas  molecules  and the con-  
t inuity condition on the heat  flux at the par t i c le  su r face :  

Z S dv(nv)[~- (v' R, O) = O, (10) 

r ZY 00" or~ dv (nv) - - ~  f• (v, R, 0). 

-4- :t: 

(11) 

The s u p e r s c r i p t s  "+" and " - "  in the integral  indicate that  the Integrat ion is to be c a r r i e d  out over  the ha l f -  
spaces  v n >  0 and v n <  0. 

Solving Eq. (9) with boundary conditions (10)and (11), we find the following equation for the su r f ace  t e m -  
pe r a tu r e  of the par t ic le :  

T~ = T8 + ~-~ J,IRPI (cos O) (12) 

1 =  1 

~f, = T.: + Ika (13) 
4 kCl'~n| 1,'-2 kT~/zcm ' 

where  

Jz = (2l -I- 1) n• I dxx l+2 d0 sin0P~(cos 0) B(r, 0), 
0 0 

x = r / t t ,  Ts is the ave r age  su r f ace  t e m p e r a t u r e ,  and k a = 4J 0 is the absorpt ion  fac tor ,  which is equal to the 
r a t io  of the energy  abso rbed  per  unit t ime  to the energy  flux incident on the geomet r i c  c r o s s  sect ion of the 
sphere .  For  mos t  subs tances  the second t e r m  in the denomina to r  in (12) is much s m a l l e r  than the f i r s t  and 
can be neglected.  

3.  F o r c e s  E x e r t e d  on  a P a r t i c l e  in  a L i g h t  

F i e l d .  V e l o c i t y  

The force  exer ted  on the par t ic le  by the gas is equal to the resu l tan t  momen tum t r a n s f e r r e d  to the p a r -  
t ic le  by the gas molecules  which collide with the su r face  of the par t ic le  in a unit t ime:  

-~-1 

F = - -  R ~ d~n dv(nv)mvf~(v, R, O) : --~R2p~ q dyy -T~ ez + 18 ~kT~ u , (14) 
.4- - - I  .4- 

where  y = c o s  0, p ~ = n ~ k T ~  is the gas p r e s s u r e  at infinitY , and e z is the unit vec tor  along the l igh t -p ropaga-  
tion direction.  In der iving Eq. (14) we made use of (7), (8), and (10), and we a s sumed  u (( V2-kT~Tm. The f i r s t  
t e r m  is the photophoret ic  force  exer ted  on the immobi le  par t i c le ,  and the second t e r m  is the drag  force .  We 
see  f r o m  (14) that if the t e m p e r a t u r e  of the i l luminated par t  of the sphe re  ( - 1  < y < 0) is higher than that of the 
shaded par t  the photophoret ic  force  is d i rec ted  along the z axis (this is posi t ive  photophoresis) .  In the opposite 
case ,  the fo rce  is d i rec ted  opposi te  the incident radia t ion  (negative photophoresis) .  Substituting the solution of 
heat-conduct ion equation (12) into (14), we find the  photophoret ic  force  to be 
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Fp = - -  ,'tR~'p~: q3'IRJ1 e~___ " �9 (15) 

The  radia t ion  p r e s s u r e  is [8, 11] 

Frp = Ikrp nR2e,, (16) 

where  k r o = k a  +kc - q d  is the r a d i a t i o n - p r e s s u r e  fac tor ,  and k a and k c a r e  the absorpt ion and sca t t e r ing  fac -  
t o r s .  Th~ quantity k a is given by Eq. (13); k e and qd a r e  given by the following equations [11]: 

kc = ~ 2 l 2(I + 1) ~ (IC~? ~' !B~,-I,~~ (17) 
p" (2l + 1) 

l =  1 

qd= 4 R e  l(l-4-1)" [C.~B~ l ( t + 2 )  e, e 
o ~ 21 + 1 2l ~ 3 " ' 

(18) 

Let us consider  in m o r e  detail  the cases  of weakly and s t rongly  absorb ing  pa r t i c l e s .  

I. Weakly Absorbing  Par t ic le .  To der ive  an equation for the photophoret ic  force ,  we subst i tute  Eqs. (12), 
(9), and (4) into (15): 

Fp = ~tR'P:cyqlkan•176 (1 5 ) (19) 
30z i | /7~T~ 3 + 2N'-~ 2 ' 

ka = 24nzp 
2 + N~i 2 ' krp =: ka" (20) 

These  equations a r e  found by subst i tut ing Eqs. (2) into (13), (16), (17), and (18) and using (3) and (4). Withq =1 
and Ts  = T ~ ,  Eq. (19) is the s a m e  as the equation der ived for the photophoret ic  force  in [9]. We see  f r o m  Eq. 
(19) that the photophoret ic  force  acting on a smal l ,  weakly absorb ing  par t ic le  a lways ac ts  along the rad ia t ion-  
propagat ion di rec t ion (positive photophoresis) .  Setting the total  force  act ing on the par t i c le  equal to ze ro ,  and 
using (16), (19), and (20), we find the s t eady - s t a t e  veloci ty  to be 

u =  ~/// 2~ Ik@2q?n• + a ) %  ( 5 ) (21 )  
3 -:- 2N2! "2 , ' 

where  

Frp 30• i ] TrT~ 3-~-2N 22 
cz = .- / :~--  . . . . . . .  ., ' - -  5) R-cp,:yqn• o (3 ~ 2N'-~-" 

If a <<1, the veloci ty  is propor t ional  to the cube of the radius  of the pa r t i c le ,  so that light can be used to 
sor t  the pa r t i c les  of a po lyd i sperse  ae roso l  accord ing  to s ize ,  If a>> 1, the veloci ty  is propor t iona l  to the f i r s t  
power of the rad ius ,  and the sor t ing  is less  efficient.  

II. Strongly Absorbing  Par t ic le .  Substituting Eqs. (2), (3), (5), and (6) into (13), (16)-(18), we find 

ka--  6n 6n 14 
N -~ ; krp . . . . . . .  --' . . . .  P~" (22) 

N" ' 3 

The condition for s t rong  absorpt ion  (~o >>1) in the case  of smal l  pa r t i c les  (p <<1) is usually sa t i s f ied  only 
for meta l s  with a high e lec t r i ca l  conductivity.  We know that the heat in meta ls  is t r a n s f e r r e d  by f r ee  e lec t rons ,  
so that me ta l s  which a r e  good conductors  have a high t h e r m a l  conductivity. The photophoretie force  is inverse ly  
propor t iona l  to the t h e r m a l  conductivity,  and, as e s t ima te s  show, this force  is a lways much sma l l e r  than the 
r a d i a t i o n - p r e s s u r e  force  for meta l s .  Accordingly,  we can find the s t eady - s t a t e  veloci ty  of the par t i c les  by 
set t ing the sum of the r a d i a t i o n - p r e s s u r e  force  and the d rag  force  equal to zero :  

r 

. =  ~ k r ~ e ,  1 ' / /  2.~kr~ 1 (23) 
,,; 2cp  (8 1 - L < ) - "  

We see  f r o m  (23) that the veloci ty  of the par t i c le  under the influence of the radia t ion  p r e s s u r e  is inverse ly  
propor t iona l  to the gas p r e s s u r e ,  in ag reemen t  with exper iment  [2]. Ehrenhaft  [2] studied the motion of a s i lve r  
sphere  i l luminated by focused light f r o m  an intense l amp having a broad  radia t ion s p e c t r u m  with a m a x i m u m  at 
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)~0 = 0.7 x 10 -4 cm. Near this wavelength the complex r e f r ac t i v e  index of s i lve r  is [12] N = 0.05 -4 i .  For  e s t i -  
mates  we assume I= 0.84 • 10 ~ W / c m  2, R =6 x 10 -~ cm, T~=293~ ~t i=4.2  J / ( c m .  s ec .  deg), q=0.8 ,  T =0.8, 
p~ =106 d y n / c m  2. Substituting these values into Eqs. (22), (13), (16), and (23), we find krp=0.4>>k a ,Ts  =303~ 
F r p = l . 2 7  • and u =1.2 • -3 c m / s e c .  The exper imenta l  value is u =2.1 x l 0  -3 e m / s e c .  The appar -  
ent reasons  for the d iscrepancy a re  the nonmonochromatie  nature of the light source  and the c i rcumstance  that 
the conditions prevai l ing in the exper iments  were  p ~ 1, R/~. = 1 r a the r  than p <<1, R/k<< 1, as we have assumed 
(for a i r ,  }, = 6 • 10 -~ em). 

N O T A T I O N  

r ,  0, q~, spher ical  coordinates;  w, light f requency;  k0, wave vector ;  ), 0, light wavelength; N = n - i ~ ,  com- 
plex r e f r ac t ive  index; Jl + 1/2(z), Bessel  function; H l +1/2(z), Hankel function; 0, angle between radius vector  
and l ight-propagation direct ion;  P(~), associa ted Legendr~e polynomial; ~., mean f ree  path of gas molecules;  nr 
density of gas molecules  at infinity; T:~, gas t em p e ra tu r e  at infinity; m,  mass  of gas molecule;  q, momentum- 
accommodat ion coefficient;  nr ,  density of gas molecules  at the surface  of the par t ic le ;  Ts,  sur face  t empe ra -  
ture;  n, unit vector  normal  to the surface;  f - ,  f+, distribution functions of the incident and re f lec ted  mole-  
cules;  ~i, t he rma l  conductivity of the par t ic le ;  Ti,  t e m p e r a t u r e  within the par t ic le ;  I ,  Poynting vector ;  I, 
energy flux density of radiat ion;  R, radius  of part ic le;  k a ,  absorpt ion factor;  Fp, photophoretic force;  Fd, drag 
force;  p~,  gas p r e s s u r e  at infinity; u, velocity of par t ic le ;  F rp  , r ad i a t i on -p re s su re  force;  krp, r ad i a t ion -p res -  
sure  factor;  kc, sca t te r ing  factor .  
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